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INTRODUCTION
Maximal functions and singular integral operators have played an essen-
tial role in the study of harmonic analysis. This interesting topic has
attracted several authors, and as a consequence, a great number of
important results on this topic have been discovered. One may find a small
portion of the results on maximal functions and singular integral operators
in the references of this paper. Here we are interested in maximal
operators along surfaces of revolution in the Lebesgue mixed norm spaces.
We first begin by considering the maximal operator M defined by
1
 Mf x , x  sup f x y , x   y dyŽ . Ž .Ž .Hn nn1½ 5r  yrr0
x , y Rn1 , x  R ,Ž .n
Ž . Ž  .where  y   y is a real, measurable, and radial function defined on
n1 pŽ n.R . Here f is in L R , p 1. The analogue singular integral opera-
tor T is defined by
 yŽ .
Tf x , x  p. . h y f x y , x   y dy ,Ž . Ž . Ž .Ž .Hn nn1 y
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Ž .   n1where h is an arbitrary bounded radial function, and  y  y is the
well-known CalderonZygmund kernel. The boundedness of these two´
Žoperators along surfaces was studied by several authors for example, see
 .5, 7, 9 .
  Ž Ž ..In 5 , without imposing any hypothesis on the surface x,  x , Lung-
Ž .Kee Chen and Dashan Fan proved that the operator Tf x, x is boundedn
pŽ n.on L R for 1 p , n	 3, provided that the one-dimensional
maximal operator
1
 M g x  sup g x   t dtŽ . Ž .Ž .H n n½ 5r  trr0
pŽ .  is bounded on L R for all p 1. Recently in 9 , it was shown that if
2 . Ž . C 0, ,  0  0, and  is convex and increasing, then M is bounded
pŽ n. Ž  .on L R for all p 1, n	 3 see 9 . A more general result concerning
 M, including the case n 2, can also be found in 10 .
The purpose of this paper is to study this maximal operator M in a more
general setting, i.e., in the Lebesgue mixed norm spaces.
n1 nŽ .We denote x R , x  R, and x x, x  R . Let  denote then n
n2Ž . Ž .unit vector in S n 2 , and let d  denote the Lebesgue measure
n2 Ž . Ž .on S . Let  denote the dilation defined by  g t  g at . Also, leta a
pŽ qŽ n2 . n.L L S , R denote Lebesgue mixed norm spaces; i.e., if
 p q q n2    p nh  hL Ž L . L ŽS . L Ž R .
1ppq
q  h  , x d  dx  ,Ž . Ž .H Hž /n n2R S
p qŽ . Ž .then we say that h  , x  L L .
Define the maximal operator M by
r1
 M f x , x  sup f x t , x   t dt ,Ž . Ž .Ž .H n n½ 5r 0r0
Ž . Ž  .where  y   y is again a real, measurable, and radial function on
Rn1.
The CalderonZygmund method of rotation greatly reduces the study of´
n-dimensional singular integral operators to the study of one-dimensional




n2 Mf x , x  sup f x t , x   t t dt d Ž . Ž . Ž .Ž .H Hn nn1½ 5n2r  S trr0
1
  sup f x t , x   t dt d Ž . Ž .Ž .H H n½ 5n2r  S trr0
1
  sup f x t , x   t dt d Ž . Ž .Ž .H H n½ 5n2 r  S trr0
 M f x , x d  .Ž . Ž .H  n
n2S
This motivates us to investigate the boundedness of M in
pŽ qŽ n2 . n.L L S , R . Lung-Kee Chen provided the best possible result on
the boundedness of the maximal operator
r1
 M f x  sup f x   dtŽ . Ž .H  t½ 5t r 0r0
n n1Ž  . Žin the Lebesgue mixed norm spaces see 4 here, x R ,   S ,  t
Ž a1 an . . t  , . . . , t  , and 0 a  a    a . We would like to obtain1 n 1 2 n
a parallel result for our maximal operator M , by following some ideas
 similar to those in the proof of 4 .
Ž . Ž  .THEOREM. Let  y   y be a real, measurable, and radial function
defined on Rn1, n	 2, which satisfies the following conditions:
Either
Ž . Ž . Ž .a  r  L R ,
Ž . Ž .  .b  r is monotone on 0, , and
Ž .  Ž .   .c 	 r is increasing on supp 	
 0,
or
Ž . Ž . 1Ž .d 	 r  L R , and
Ž .  Ž .   .e 	 r is increasing on supp 	
 0, .
pŽ .Suppose that M g is bounded on L R for all p  1. Then
  p q n2 n   p nM f  C f , proided that eitherL Ž L ŽS ., R . L Ž R .
2 n 1 
 q n 1 2
Ž . Ž .
1 q and  p ,
n 1 n 1 2
q
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or
2 n 1 
 q n 1Ž . Ž .
 q and  p .
n 1 n 1 2

1Here 
 1 if n 2; otherwise 
 if n	 3.3
COROLLARY. Let  be C1 on its compact support. If  is strictly
increasing on its compact support, and if 	 is increasing on its support, then
  p q n2 n   p nM f  C f , where p and q satisfy exactly the sameL Ž L ŽS ., R . L Ž R .
conditions as stated in the theorem.
The proof of the our main theorem requires two essentials results from
   7 and 10 . For convenience, we include those results below:
  Ž .THEOREM 10 to appear . Let  be a real, measurable, and radial
function defined on Rn1. Then for n	 4, M is a bounded operator on
pŽ n.L R for all p 1, proided that the maximal operator M g is bounded on
pŽ .L R for all p 1. The conclusion also holds when n 2 or 3, subject to
the following additional conditions:
Either
Ž . Ž . Ž .a  r  L R ,
Ž . Ž .  .b  r is monotone on 0, , and
Ž .  Ž .   .c 	 r is increasing on supp 	
 0,
or
Ž . Ž . 1Ž .d 	 r  L R , and
Ž .  Ž .   .e 	 r is increasing on supp 	
 0, .
  Ž . 1 .COROLLARY 1 10 to appear . Suppose  C 0, , and that
Ž .  .a  is strictly increasing on 0, ,
Ž . Ž .b 	 is increasing on 0, .
pŽ n.Then the maximal operator M is bounded on L R for all p 1, n	 4.
Let  be C1 on its compact support. If  is strictly increasing on its
compact support, and if 	 is increasing on its support, then the aboe result
also holds for n	 2.
Remark. Many authors have obtained results somewhat similar to
 Corollary 1 above; for example, see 6, 9, 11, 16 .
  nTHEOREM C 7 . Let  , k Z, be probability measures in R . Fork
0Ž . Ž nm. m1m n, define  E   E R for eery Borel subset E of R ;k k
0Ž Ž0.. Ž Ž0. .  4in terms of Fourier transforms, this means      , 0 . Let aˆ ˆk k k 
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 4be a lacunary sequence, i.e., a  0, inf a a  a 1. Suppose thatk k Z k1 k
for some  0,
Ž .  Ž Ž0. Ž1.. Ž Ž0. .   Ž1.  1   ,     , 0  C a  ;ˆ ˆk k k1
Ž .  Ž Ž0. Ž1..   Ž1.  Ž0. m Ž1. nm2   ,   C a  ;   R ,   R ;ˆk k
Ž .  0 Ž Ž0..  pŽ m.3 sup   g x is a bounded operator on L R , for all p 1k k
Ž Ž0. m.  Ž .  pŽ n.x  R . Then sup   f x is also a bounded operator on L R fork k
all p 1.
Proof of the Theorem. Assume without loss of generality that f	 0.
Observe that
r1
M f x , x  sup f x t , x   t dtŽ . Ž .Ž .H n n½ 5r 0r0
 4 sup   f x , x ,Ž .k n
kZ
where  is defined on Rn byk
2 k
k  f x , x  f x 2 t , x    t dt .Ž . Ž .Ž .Hk n n 2
1
 It is therefore enough to show that sup   f satisfies the conclusionk Z k
of the theorem.
  4For C , we define a family of operators T f byk ,  
1 2 k i2 tŽ x . i x  Ž t .kn 2 ˆT f x , x  e e dt f x , xŽ . Ž .Hk ,  n n22k 1 1 2 xŽ .
n1ˆm  , x f x x x , x ; x R , x  R .Ž . Ž . Ž .Ž .k n n
0 Ž . Ž .Notice that T f x, x    f x, x . To prove the theorem, we needk ,  n k n
the three lemmas below:
LEMMA 1.
   sup   f  C f for 1 q p  p 1 .Ž .pk
p qŽ .L LkZ
LEMMA 2.
   sup T f  C f for 
 n ,2k , 
2 2Ž .L LkZ
1where 
 1 if n 2, and 
 if n	 3.3
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LEMMA 3. If n n 1, then
   sup T f  C f for 1 q , 1 p .pk , 
p qŽ .L LkZ
Ž Applying the analytic interpolation theorem with mixed norms see 1, 2,
.17, 18 to Lemmas 2 and 3, we get
   sup   f  C f pk
p qŽ .L LkZ
for
2 n 1 
 2 n 1 
Ž . Ž .
 p , q .
n 1 2
 n 1
The theorem then follows by applying the real interpolation theorem to
the above results and Lemma 1.
Proof of Lemma 1. The case p  is trivial. We shall consider the case
Ž . n1 1 q p  p 1 . For x R , we write x s  x , where
  Sn2, s R, x Rn2, and s is orthogonal to x . Then
2 k
k  f x , x  f x 2 t , x    t dtŽ . Ž .Ž .Hk n n 2
1
2  k
k f x  s 2 t  , x    t dtŽ . Ž .Ž .H n 2
1
2 k
 k f s 2 t , x    t dtŽ .Ž .H Ž x ,  . n 2
1
1 k12
 f s t , x   t dtŽ .Ž .H Ž x ,  . nk k2 2
 2 M f  s, xŽ .Ž s , x . Ž x ,  . nn
for all k Z.
Ž .Here M f s, x is the maximal function along a hypersurfaceŽ s, x . Ž x ,  . nn
acting on the s and x variables. Thusn





 sup   f x , xŽ .k n
p nŽ .L Rk
p
  sup   f x , x dx dxŽ .HH k n nž /n1R R k
p
  sup   f s, x ds dx dxŽ .HH H k Ž x ,  . n nž /n2R R R k
p
  sup   f s, x ds dx dxŽ .H HH k Ž x ,  . n nž /n2R R R k
  p  2 M f s, x ds dx dxŽ .H HH Ž s , x . Ž x ,  . n nnn2R R R
  p  C f s, x ds dx dxŽ .H HH Ž x ,  . n n
n2R R R
   p  C f x s , x ds dx dxŽ .HH H n n
n2R R R
  p   p C f x , x dx dx  C f .Ž .HH pn n
n1R R
Ž .The second inequality follows from Theorem 1. Thus
   sup   f  C f .pk
p nŽ .L RkZ
Ž .Hence, for 1 q p  p 1 , we have
q n2 p n       sup   f  sup   fL ŽS . L Ž R .k k
p n q n2Ž . Ž .L R L SkZ kZ
    q n2 C f p L ŽS .
  C f ,p
where the first inequality follows from the Minkowski’s inequality for
integrals. Lemma 1 is proved.
Proof of Lemma 2. Let p be a positive Schwartz function with compact
n1 Ž n1. Ž .n 1support in R , p C R , such that H p x dx 1. Let p be0 R k
n1 Ž . Ž Ž k .n1. Ž . Ž . Ž k .kdefined on R by p x  1 2 p  x . Then p x  p 2 x .ˆ ˆk 2 k
Let  be defined on R byk
2
k  g x   y g x  y dy g x    t dt ,Ž . Ž . Ž . Ž .Ž .H Hk n k n n 2
R 1
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so that
1 k12 i x Ž t .n x  e dt .Ž .ˆ Hk n k k2 2
Observe that
12
2    sup T f  T f p    fŽ .Ýk ,  k ,  k kž /
kZ k
M H  M H M f x , x ,Ž .1 n1 n n
where M H is the HardyLittlewood maximal function acting on the ithi
variable, and M  is the maximal function along a surface acting on the xn n
variable.
   2Ž 2 .To prove that sup T f is bounded on L L , it suffices, by thek Z k , 
Plancherel theorem, to show that
2 m  , x  p x  x d Ž . Ž . Ž . Ž .ˆ ˆÝH k k k n
n2Sk
nis uniformly bounded for every x in R . We have, on the one hand,
 m  , x  p x  xŽ . Ž . Ž .ˆ ˆk k k n
1 2 2ki x  Ž t . i tŽ 2 x . i x  Ž t .k kn 2 n 2 e e dt p x e dtŽ .ˆH Hk22k 1 1 1 2 xŽ .
ki tŽ2 x .e2 i x  Ž t .kn 2 e  p x dtŽ .ˆH k22½ 5k1  1 2 xŽ .
ki tŽ 2 x .e2
  p x dt .Ž .ˆH k22k1  1 2 xŽ .
The integrand immediately above is a smooth function of x and equals
zero when x 0. By the Mean Value Theorem, one has
ki tŽ 2 x .e
k  p x  C 2 x ,Ž .kˆ22k 1 2 xŽ .
so that
2 2k   m  , x  p x  x d   C 2 x .Ž . Ž . Ž . Ž .ˆ ˆH k k k n
n2S
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On the other hand, if n 2, then x R, and
2
1 2 k2 i x  Ž t . iŽ2 x . tkn 2 m  , x d   e e dtŽ . Ž .H Hk 2n2 2kS 1 1 2 xŽ .
2
1 2 ki x  Ž t . iŽ2 x . tkn 2 e e dt .H22k 1 1 2 xŽ .
 Using the same technique as in the proof of the Theorem in 10 for the
case n 2, we see that
1 C C2 m  , x d    .Ž . Ž .H k   2 2 2k kn2 2k    2 x 2 xS  1 2 xŽ .
 k The last inequality follows if 2 x 	 1, regardless of whether  0 or
 0.
Ž Ž  k  2 .   k  2 If  0, it is clear that 1 1 2 x  12 x , while if
 k   k  2 0, then we use the assumption that 2 x 	 1, so that 1 2 x 
 k  2 Ž  k  2 .    Ž  k  2 .    Ž2 2 x , which implies that 1 2 x  2 2 x , whence 1 1
 k  2 .   k  2  .2 x  C2 x .
For the case n	 3, we have
2 m  , x d Ž . Ž .H k
n2S
21 2 ki x  Ž t . Ž i2 t .Ž  x .kn 2 e e dt d Ž .H H  n22k S 1 1 2 xŽ .
2
 2 kn n3i x  Ž t . i 2 x Žcos  . tkn 2 e e dt sin  dŽ .H H 2k 0 1 1 2 xŽ .
2
 2 kn i x  Ž t . i 2 x Žcos  . tkn 2 e e dt d .H H 2k 0 1 1 2 xŽ .
Ž .Let  0, 1 . This  will be chosen later. We write
2
 2 ki x  Ž t . i 2 x Žcos  . tkn 2e e dt dH H
0 1
2 2
   H H H
0 2 2
LEBESGUE MIXED NORM SPACES 389
and denote the three integrals on the right-hand side of the above
equation as I , I , and I , respectively. It is clear that I  2 . Next, for I1 2 3 2 1
and I , we observe that3
1 k12 k 2i x  Ž t . i2  x Žcos  . t i x Ž t . i  x Žcos  . tkn 2 ne e dt  e e dtH Hk k21 2
C
 .k   2 x cos 
 Here again, we integrate by parts and apply the same strategy as in 10 to
obtain the above inequality. Therefore,
C2
I  dH1 2k 2 2 x cos 0
C 12
 dH2 2k  cos 2 Ž .2 x 0
C C
  .2 2k 2 k 2   2 x sin  2 x 
Ž .The last inequality follows because sin  	 2 for 0  1. By the
same token, one has
 C C 1
I  dH3 2 2 2k 2 k    cos 2 Ž .2 x cos  2 x2
C C
  .2 2k 2 k 2   2 x sin  2 x 
Hence,
C 12 m  , x d     .Ž . Ž .H k 2 2½ 5k 2n2 2k  2 x S  1 2 xŽ .
 k   k 23If 2 x  1, we choose  2 x , so that
C2 m  , x d   .Ž . Ž .H k 2 23kn2  2 xS
 k Therefore, if 2 x  1, we then have
C2 m  , x d   ,Ž . Ž .H k 2Ž 
 .kn2  2 xS
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1where 
 1 if n 2, and 
 if n	 3. Finally, p is a Schwartzˆ3
 Ž k .   k  2Ž 
 .  k function because p is. So p 2 x  C2 x for 2 x large. Con-ˆ
sequently,
12 2k   m  , x  p x  x d   Cmin 2 x , ,Ž . Ž . Ž . Ž .ˆ ˆH k k k n 2Ž 
 .½ 5kn2  2 xS
so that
2 m  , x  p x  x d   CŽ . Ž . Ž . Ž .ˆ ˆÝH k k k n
n2Sk
nfor every x R , if 
. Lemma 2 is proved.
It remains to prove Lemma 3. The proof of this lemma requires the
following lemma.
LEMMA 4. Let  be any real number. Let  satisfy the hypotheses in the
theorem. Suppose that
1
 M g x  sup g x   t dtŽ . Ž .Ž .H 2 2½ 5r  trr0
pŽ .is bounded on L R for all p 1. Then
1
  M f x , x  sup f x   t , x   t dtŽ . Ž .Ž .H1 2 1 2½ 5r  trr0
pŽ 2 .is bounded on L R for all p 1.
 Proof of Lemma 4. We use Theorem C in 7 to prove this lemma.
There is nothing to prove if  0. So we consider the case  0. For
k Z, define  and 0 byk k
1
iŽ   t Ž t ..1 2  ,   e dt , t R , andŽ .ˆ Hk 1 2 k k2  t2
1
0 i Ž t .2    0,   e dt , t R .Ž . Ž .ˆ ˆ Hk 2 k 2 k k2  t2
Then  are finite Borel measures,  	 0. Also, we havek k
1
  f x , x  f x   t , x   t dt ; x , x  R ,Ž . Ž .Ž .Hk 1 2 1 2 1 2k k2  t2
and
1
0  g x  g x   t dt .Ž . Ž .Ž .Hk 2 2k k2  t2
LEBESGUE MIXED NORM SPACES 391
It is obvious that
1
0   sup   g x  C sup g x   t dt .Ž . Ž .Ž .Hk 2 2½ 5r  trk r0
 0 Ž .  pŽ .Thus, by hypothesis, sup   g x is bounded on L R for all p 1.k k 2
Observe that
1
i Ž t . i  t2 1   ,    0,   e e  1 dtŽ . Ž . Ž .ˆ ˆ Hk 1 2 k 2 k k2  t2
1
i  t1  e  1 dtHk k2  t2
1
    t dtH 1k k2  t2
   k    dt 2 2  .H1 1
k t2
 Also, by the same technique as in the proof of the theorem in 10 , we
 Ž .   k 1 l   l1obtain   ,   C 2  . Because  0, 2    2 for someˆk 1 2 1
  Žl . Therefore, we may apply Theorem C in 7 with a lacunary
 lk4 .   pŽ 2 .sequence 2 to conclude that sup   f is bounded on L Rk Z k k
 for all p 1. Reading the proof of Theorem C in 7 carefully, we see that
the bound is independent of . As a consequence,
1
sup f x   t , x   t dtŽ .Ž .H 1 2½ 5r  trr0
pŽ 2 .is bounded on L R for all p 1, and the bound does not depend on .
pŽ 2 .  Because f is in L R if and only if f is, we infer that
1
 sup f x   t , x   t dtŽ .Ž .H 1 2½ 5r  trr0
pŽ 2 .is also bounded on L R for all p 1. Lemma 4 is proved.
Proof of Lemma 3. For 0 n, we let G denote the Bessel
n1 Ž  .potentials defined on R see 14, p. 132 , the Fourier transform of
ˆ 2 2  ˆŽ . Ž   . Ž . Ž . Žwhich is G y  1 y . Next, we define G y by G y  1k k
 k  2 . 2 2 y . We then have
2
 k 
kT f x , x  f x y 2 t , x    t G y dy dt ;Ž . Ž . Ž .Ž .H Hk ,  n n 2 k
n11 R
x , y R
2 k 
k f x 2 y , x    t G y t dy dt .Ž . Ž .Ž .H H n 2
n11 R
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  Ž .    n  Ž .  Because G y is controlled by C y n 0 as y  0,
  Ž .   and because G y is rapidly decreasing as y  , we have
C B y  A  y  A G y t   .Ž . nn   y y t
1 2A nŽ  4 .Here A 2 and B will do. Therefore,1 2A
f x 2 k y , x   k tŽ .Ž .2 n 2 T f x , x  C  dy dtŽ . H Hk ,  n  y  An n1  y t1 R
f x 2 k y , x   k tŽ .Ž .2 n 2 C  dy dt .H H n  y  A
n1  y1 R
Denote the two integrals inside the curly brackets on the right-hand side
of the above inequality as I and I , respectively. Notice that1 2
12 k
kI  f x 2 y , x    t dt dyŽ .Ž .H H n2 n 2½ 5  y y	A 1
M f x 2 k y , xŽ .n n dyH n y y	A
 kM f x 2 y , xŽ .n n dyÝ H n
l  y y2 Al0
 1
k M f x 2 y , x dyŽ .Ý Hn n nl l y2 A2 AŽ .l0
 1 1
 M f x y , x dyŽ .Ý Hn n nkŽn1.l k l2  y2 A2 AŽ .l0
 1 1
 M f x y , x dyŽ .Ý H n nl n1 k lk l2  y2 A2 AŽ .l0
 1
H M M f x , xŽ .Ý Ž1, . . . , n1. n nl2l0
 2 M H M f x , x ,Ž .Ž1, . . . , n1. n n
where M H is the HardyLittlewood maximal operator acting onŽ1, . . . , n1.
the first n 1 variables, and M is the maximal operator along a surfacen
acting on the last variable.
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We now estimate the bound of I . Since   Sn2, there is a  , say, 1 i 1
  2 Ž .such that  	 1 n 1 . Then1
f x 2 k y , x   k tŽ .Ž .2 n 2
I   dy dt .H H1  y  An n1  y  t1 R 1 1
Ž . Ž .We let D A 2, x x , . . . , x , y y , . . . , y , and, making a˜ ˜2 n1 2 n1
change of variable y  y  t , we obtain1 1 1
f x  2 k y  2 k t , x 2 k y , x   k tŽ .˜ ˜2 Ž .1 1 1 n 2
I  dy dtH H1 n    y1 yD 1
dy2 k k k
k f x  2 y  2 t , x 2 y , x    t dtŽ .˜ ˜H H Ž .1 1 1 n 2 n ½ 5    yyD 1 1
M f x 2 k y , xŽ .Ž1, n. n dyH n    yyD 1
M f x 2 k y , xŽ .Ž1, n. n dy dy .˜H H 1n      yyD y D˜ 1 1
The next to the last inequality above follows due to Lemma 4, and M fŽ1, n.
is the maximal function along a surface, acting on the first and last
variables. But
M f x 2 k y , xŽ .Ž1, n. n
dyH 1n    yy D1 1
 k kM f x  2 y , x 2 y , x˜ ˜Ž .Ž1, n. 1 1 n dyÝ H 1n l    yy 2 D1l0 1
 1
k k M f x  2 y , x 2 y , x dy˜ ˜Ý H Ž .Ž1, n. 1 1 n 1n  ll  y 2 D2 D 1Ž .l0
 1 1
k M f x  y , x 2 y , x dy˜ ˜Ž .Ý H Ž1, n. 1 1 n 1n  k k1l 2  y 2 D2 D 1Ž .l0
 1 1
k M f x  y , x 2 y , x dy˜ ˜Ž .Ý H Ž1, n. 1 1 n 1Ž . kln  1 k ll 2 D  y 2 D2 D 1l0 Ž .
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 1
H k M M f x , x 2 y , x˜ ˜Ž .Ý 1 Ž1 , n. 1 nŽ .n  1l2 Dl0 Ž .

lŽ 1.n Ž 1.n H k D 2 M M f x , x 2 y , x˜ ˜Ž .Ý 1 Ž1 , n. 1 n
l0
 CM HM f x , x 2 k y , x˜ ˜Ž .1 Ž1 , n. 1 n
if  n 1. Therefore,
M f x 2 k y , xŽ .Ž1, n. n
I  dy dy˜H H1 1n      yyD y D˜ 1 1
 C M HM f x , x 2 k y , x dy˜ ˜ ˜Ž .H 1 Ž1 , n. 1 n
 yD˜

H k C M M f x , x 2 y , x dy˜ ˜ ˜Ž .Ý H 1 Ž1 , n. 1 n
l y2 D˜l0
 1
H C M M f x , x y , x dy˜ ˜ ˜Ž .Ý H 1 Ž1 , n. 1 nn2 k lk  y2 D˜2Ž .l0
 1n2n2 l H C D 2 M M f x , x y , x dyŽ . ˜ ˜ ˜Ž .Ý H 1 Ž1 , n. 1 nn2 k lk l  y2 D˜2 DŽ .l0

ln2 H H C 2 M M M f x , x , xŽ . Ž .˜Ý Ž2, . . . , n1. 1 Ž1 , n. 1 n
l0
 CM H M HM f x , x ,Ž .Ž2, . . . , n1. 1 Ž1 , n. n
provided that n 1 n. Consequently,
  T f x , xŽ .k ,  n
 C M H M HM f x , x M H M f x , x .Ž . Ž . 4Ž2, . . . , n1. 1 Ž1 , n. n Ž1 , . . . , n1. n n
This inequality holds for all k . It is well known that the Hardy
pŽ n.Littlewood maximal operators are bounded on L R . Thus, it follows
from Theorem 1 that
   sup T f  C f pk , 
p qŽ .L LkZ
for 1 q , 1 p . Lemma 3 is proved.
Proof of the Corollary. One just needs to verify that M g is bounded on
pŽ . pŽ n.L R for all p 1 and that Mf is bounded on L R for all p 1,
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pŽ .n	 2. The fact that M g is bounded on L R for all p 1 has been
 shown in the proof of Corollary 1 in 10 . Also, applying the result of
  pŽ n.Corollary 1 in 10 , we infer that Mf is bounded on L R for all p 1,
n	 2. Therefore, the proof is finished.
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